A new isospectral problem is designed and the multi-component second mKdV equation is worked out from it. It follows that two distinct types of integrable couplings of the multi-component second mKdV equation are obtained by constructing two types of new loop algebras. As its reduction, two distinct types of integrable couplings of the multi-component KdV equation, the multi-component mKdV equation and the multi-component KdV-mKdV equation are presented.
Introduction
The theory of integrable Hamiltonian systems of infinite dimensions has gone through rapid development since the late 1960s. In 1989, Guizhang Tu proposed a simple and efficient method for searching for an integrable Hamiltonian hierarchy [1] . Now, using the Tu scheme, a lot of integrable systems with physical significance have been obtained [1] [2] [3] [4] . Concerning the multi-component integrable systems, there have been developments in Refs. [5, 6] . Recently, a new 3M-dimensional Lie algebra was constructed and a simple method for producing the multi-component integrable hierarchy of the soliton equation was proposed in Ref. [7] . At present, many multi-component integrable systems such as the multi-component AKNS hierarchy, the multi-component KdV hierarchy, etc. have been worked out [8] [9] [10] [11] [12] [13] . As for the integrable coupling of the integrable system, it is a quite new and interesting topic in the study of soliton theory [14, 15] . It originates from an investigation on soliton equations. At present, the existing method for obtaining integrable coupling is the perturbation approach [15] . In this paper, we have worked out the multi-component second mKdV equation by designing a new isospectral problem. And two distinct types of integrable couplings of it are presented by constructing two types of high-dimension loop algebras. Further, as its reduction, two distinct types of integrable couplings of the multi-component KdV equation, the multi-component mKdV equation and the multicomponent KdV-mKdV equation are given.
Basic notions
In this section, we recall briefly some basic notions from the theory of the multi-component integrable system. Set G M to denote a matrix set as follows:
Then G M consists of a linear space, where a i j are real or complex functions, a i denotes the i-th column of the matrix a, M stands for an arbitrary positive integer.
. . , β M ) T be two column vectors; their vector product α * β is defined as
Thus, G M is a Lie algebra along with the commutation operation (3). Its corresponding loop algebra denoted byG M isG
with a commutation operation as follows:
Consider the following isospectral problem:
whose compatibility ϕ xt = ϕ t x gives rise to the zero-curvature equation
3. The multi-component second mKdV equation
Design a new isospectral problem
where
Solving the adjoint equation
gives rise to
Define V (n)
+ ; then (9) can be written as
A direct calculation gives
Define
+ ; the zero-curvature equation determines the Lax integrable system
When n = 2, we obtain the multi-component second mKdV equation
Taking α = I M , β = 1, (14) is reduced to the multi-component KdV-mKdV equation
Taking α = 0, β = 1, (14) is reduced to the multi-component mKdV equation
Taking α = I M , β = 0, (14) is reduced to the multi-component KdV equation
4. The first integrable coupling of the multi-component second mKdV equation
In order to obtain the integrable coupling of the multi-component second mKdV equation, an expanding Lie algebra F M of the Lie algebra G M is given:
where a i j are real or complex functions, a i denotes the i-th column of the matrix a, M stands for an arbitrary positive integer.
Definition 3. Set a, b as two elements of F M ; their commutation operation is defined as
It is easy to verify that (19) meets antisymmetry, bilinear and Jacobi identity. Hence, (18) becomes a Lie algebra along with (19), its corresponding loop algebra denoted byF M being
with the following commutation operation:
If we defineF M (1) = {(a 1 , a 2 , a 3 , 0, 0)λ n },F M (2) = {(0, 0, 0, a 4 , a 5 )λ n }, they have the following relations:
Taking
a direct calculation gives rise to
+ , the zero-curvature equation yields the following Lax integrable system:
Taking u 2 = u 3 = 0, (26) is reduced to (13) , and hence (26) is an integrable coupling of the integrable system (13). When n = 2, we obtain an integrable coupling of the second mKdV equation:
(27) When α = I M , β = 0, the integrable coupling of the KdV equation is presented:
When α = 0, β = 1, the integrable coupling of the mKdV equation is given:
When α = I M , β = 1, the integrable coupling of the KdV-mKdV equation is worked out:
5. The second integrable coupling of the second mKdV equation a 2 , a 3 , a 4 , a 5 , a 6 
Definition 4. Let a, b be two elements of H M ; their commutation operation is defined as
It is easy to verify that H M consists of a Lie algebra along with (33). Its corresponding loop algebraH M is given byH
And if we definẽ
they also satisfỹ
Consider an isospectral problem
Again solving an equation similar to Eq. (9) gives
By a calculation similar to (11) and (12), we obtain
and when u 2 = u 3 = 0, (37) is reduced to (13) . Hence (37) is also the integrable coupling of (13) . As its reduction, taking n = 2, the integrable coupling of the second mKdV equation is given:
When α = I M , β = 0, the integrable coupling of the KdV equation is presented:    u 1t = −u 1x x x − 6u 1 * u 1x , u 2t = −u 2x x x − 6u 1 * u 2x , u 3t = −u 3x x x − 6u 1x * u 3 − 6u 1 * u 3x + 6u 1 * u 2 * u 1x .
(39)
When α = 0, β = 1, the integrable coupling of the mKdV equation is worked out:    u 1t = −u 1x x x − 6u 1 * u 1 * u 1x , u 2t = −u 2x x x + 6u 1 * u 1x * u 3 − 6u 1 * u 1 * u 2x − 6u 1 * u 1x * u 2 , u 3t = −u 3x x x − 6u 1 * u 1x * u 3 − 6u 1 * u 1 * u 3x + 6u 1 * u 2 * u 1x .
(40)
When α = I M , β = 1, the integrable coupling of the KdV-mKdV equation is obtained:    u 1t = −u 1x x x − 6u 1 * u 1x − 6u 1 * u 1 * u 1x , u 2t = −u 2x x x + 6u 3 * u 1x − 6u 1 * u 2x + 6u 1 * u 1x * u 3 − 6u 1 * u 1 * u 2x − 6u 1 * u 1x * u 2 , u 3t = −u 3x x x − 6u 1x * u 3 − 6u 1 * u 3x − 6u 1 * u 1x * u 3 − 6u 1 * u 1 * u 3x + 6u 1 * u 2 * u 1x .
(41)
It is obvious that (38)-(41) are different from (27)-(30).
